This paper presents simulations of stoichiometric methane/air premixed flames into a microchannel at atmospheric pressure. These simulations result from numerical resolutions of low-order models. Indeed, combustion control into microchannels would be allowed by fast simulations that in turn enable realtime adjustments of the device's parameters. Former experimental studies reported the occurrence of a Flame Repetitive Extinction/Ignition (FREI) phenomenon provided that a temperature gradient is sustained at the channel's walls. Conducting unsteady one-dimensional simulations including complex chemistry, a late numerical study tried to explain the occurrence of this phenomenon. The present study therefore explores low-order models that potentially reproduce the FREI phenomenon. Provided a calibration of some empirical constants, an unsteady two-dimensional model including one-step chemical reaction is shown to decently reproduce the FREI regime all along * Corresponding author Email addresses: fedbianco@gmail.com (Federico Bianco), chibbaro@ida.upmc.fr (Sergio Chibbaro ), guillaume.legros@upmc.fr (Guillaume Legros)
Introduction
Significant efforts have been lately devoted to the design of microcombustor technologies, that may enable the development of micro power generation devices with low weight and long life [1] . The potential of such devices is supported by the energy density of hydrocarbon fuels which is almost two orders of magnitude higher than that of modern batteries [2] . Nonetheless, the practical performance of a microcombustor is especially constrained by both the low overall efficiency and the narrow range of operational conditions.
As the ratio of the reacting volume to the wall surface decreases, the proximity of the reacting volume from the colder walls can lead to higher heat losses, therefore extended flame thermal quenching. In addition, heterogeneous chemical reactions may occur at the walls, possibly contributing to radical quenching of the flame [3] .
Heat-recirculating combustors, such as the double-spiral counter-current Swiss roll [4, 5] , have been developed to overcome this trouble. In such a device, thermal energy flows from combustion products to reactants through a wall, i.e. without any mass transfer that would induce dilution of reactants. The incoming cold reactants enthalpy is then increased and may sustain combustion under conditions that would lead to extinction without recirculation.
However, the premixed flame propagation in such ducts may exhibit different combustion modes, which can make any microcombustor's design streneous. Sustaining steady conditions, some studies reported steady mild -or flameless-combustion [6, 7] , non-axisymmetric flames in circular ducts [8] [9] [10] , asymmetric flames in planar channels [7, 11] , and tulip flames [12, 13] .
Unsteady behaviors also revealed, such as periodic flame repetitive ignition/extinction (FREI) [6, 14, 15] , oscillating flames [6, 7, 16] and spinning flames [17, 18] . Therefore, the industrial development of reliable microcombustors requires fundamental understandings of premixed flame propagation at small scales.
Within the context of fundamental works on combustion at small scales, the studies of reactive flows in a straight heated channel with an inner diameter smaller than the ordinary quenching diameter at ambient conditions were shown to provide meaningful contributions [6, 14, 19, 20] . Provided that a temperature gradient at the channel's wall can be controlled, such a configuration lately gave significant insights into both the ignition and combustion characteristics of alternative fuels [21] and the physico-chemical processes that govern the repetitive ignition/extinction regime [22] . Thus, strategies combining flow, thermal and chemical managements are required to establish stable combustion in micro and mesoscale devices. As an illustration, Pizza et al [3] showed that some undesirable unsteady combustion modes may be suppressed when applying a predetermined catalyst loading on the channel walls. The subsequent increased catalytic reactivity may indeed result in a decreased sensitivity of the homogeneous ignition distance to small perturbations of the gaseous reactivity. Nevertheless, some physical mechanisms underlying instabilities remain to be understood for the relevant range of parameters.
While low-order modelling of reactive flows in micro-channels enables relevant simulations of some regimes constituting flame dynamics, limitations of present models, especially one-dimensional, are to be assessed. For instance, while Nakamura et al [22] qualitatively investigated the phenomena driving the FREI regime, further questioning the scope of such low-order models is required when developing predictive tools aiming at the control of micro-combustors.
To this end, an unsteady two-dimensional model incorporating a one-step chemical kinetics is here introduced. The flow is imposed and the coupled energy and species equations are numerically solved. A calibration procedure then allows the subsequent computations to fairly capture the FREI regime, suggesting that a thermal management of the microcombustor's wall could provide with a relevant strategy of combustion control. Further simulations explore other regimes that reveal when varying the fresh gases velocity at constant channel diameter. Interestingly, when exploring the parameters' space in terms of fresh gases velocity and channel diameter, the two-dimensional model eventually unveils a region of instability while a one-dimensional simulation predict a stable regime. 
Theoretical models and numerical resolution

Configuration and limitations
We consider a microchannel whose diameter is d, as shown on the schematic in Fig. 1 . The coordinate along the channel's axis is z and the distance from this axis is r.
Within the range of parameters investigated, the flow is laminar and steady. At the upstream boundary of the domain, the flow is composed of methane and air in stoichiometric proportions. The flow then experiences an increase of the wall temperature T w along the streamwise coordinate z, therefore can possibly ignite. This configuration matches as much as possible the experimental setup described by Tsuboi et al [23] .
To set a low-order model for this configuration, the following assumptions The range of mean axial velocity U 0 investigated, i.e. 0 ≤ U 0 ≤ 100 cm/s, clearly allows assumption (hyp.1) to be stated.
The Reynolds number is then low enough to guarantee Hagen-Poiseuille law. Indeed, the simulations reported hereafter do not intend to reproduce high Reynolds number flows. Therefore, investigating the dynamic regimes leading to asymmetric flames, such as those computed by Pizza et al [7] , is beyond the scope of the present study. Furthermore, at hydrodynamic conditions similar to those explored here, Pizza et al. [20] reported velocity profiles that are in agreement with assumption (hyp.2) (see Fig.5 in [20] ).
Thus, this assumption is not considered restrictive.
For stoichiometric mixtures of methane and air, Lewis number is closed to unity. Therefore, assumption (hyp.3) does not represent a significant limitation.
Fick's law is exact for binary mixtures, which makes assumption (hyp. 4) especially relevant for low-order modelling where chemical kinetics only include few species [24] .
Thus, the low-order characteristics of the following model can essentially be attributed to assumptions (hyp.5) to (hyp.7). Nonetheless, with these assumptions, some theoretical studies, such as that of Bai et al. [25] , captured the structure of premixed flames in microchannels with some success.
Two-dimensional model
Given these assumptions, momentum equation is decoupled from energy and species equations. The problem is then fully described by the following set of partial differential equations [26] :
where t is time, Y k the mass fraction of the k th species considered,ω k the production rate of this species, T the temperature of the mixture, andω T the heat release rate.
Since momentum equation is decoupled from Eqs.(1), the velocity field inside the tube evolves independently. Given the pressure gradient ∂p ∂z in the direction of the flow, the Hagen-Poiseuille law can be expressed as follows:
Furthermore, chemical kinetics is reduced to a one step irreversible reaction:
The forward reaction rate of methane oxidation in air can be evaluated with the following global law:
where A is the pre-exponential factor, and W CH 4 and W O 2 are the molecular weight of methane and oxygen, respectively. According to Westbrook and
Since the change in composition of the mixture is then determined by a single step irreversible reaction and the density of the mixture is supposed to be constant while species diffuse at the same velocity, the composition of the mixture can be expressed everywhere as function of only one species.
The set of equations (1) is then reduced to a system of two equations:
s being the mass stoichiometric oxygen/methane ratio, the oxygen mass fraction Y O 2 can be replaced in Eq.(3) by sY CH 4 . If we then collect all constant parameters in A * , the rate of methane consumption and the specific heat released by reaction are respectively as follows:
where Q is the heat of combustion and ν CH 4 the molecular stoichiometric coefficient in Eq.(3), i.e. -1.
For methane/air stoichiometric mixture s=4, while Q/C p = 35000K is required to match the flame adiabatic temperature at constant pressure (p 0 =1 bar , T 0 =300 K). Only two parameters, i.e. D and A * , remain undetermined.
These will be calibrated to quantitatively match the dynamic response of the system with the experimental behavior.
The computational domain is defined as 0 ≤ z ≤ L and 0 ≤ r ≤ R,
with R=d/2. The temperature at the wall T (R, z) is imposed and its profile is taken from Ref.
23 (see Fig.1 ). Inflow conditions for temperature and methane mass fraction at z = 0 are as follows:
Outflow conditions at z = L are zero gradient ones:
On the channel's axis (r = 0), conditions of symmetry are forced:
One-dimensional model
Since the diameter d of the channel is small, compared to its characteristic length L, the problem could be further approximated by a one-dimensional model. Some authors [6, 22, 23] have tried to reproduce microcombustors dynamics considering a plug-flow approximation. For a matter of quantitative assessment of the performances provided by both kinds of model, any quantity inferred from the two-dimensional model can be averaged over the channel's section S as follows:
Following these works [6, 22, 23] , a plug-flow 1-D model, governing the spatial and temporal evolution of mean temperature and methane mass fraction, can be defined as follows:
where the rate of methane consumption and specific heat released, are function of mean temperature and mass fraction only
U 0 is the mean flow velocity. To allow direct comparison, the values of D, A * , and Q/Cp are identical to those of the 2D model.
The heat rate H l exchanged between the reacting mixture and the walls is modeled by an ad-hoc term which, assuming unit Lewis number, is of the form [6, 22, 23] :
where Nu is the Nusselt number which is the only free parameter left.
Numerical tools
The numerical resolution of models (4) and (10) is not straightforward.
The system of equations is stiff due to the presence of the reaction terms. 
Space and time discretization
Let consider the 2D axially-symmetric model (4) since the 1D case may be derived straightforward. The numerical domain is discretized with a cartesian grid of N z × N r grid points along the cylinder length and radius respectively, where:
are the cylindrical coordinates of the generic grid point (i, j).
Many different strategies to locate the flame and consequently adapt the mesh may be considered. We found a good compromise, in terms of efficiency and coding, if we follow in time the value of the source term S T of Eq. (4).
We know from simulations that a flame exists if somewhere in the domain the value of S T is greater than a threshold S * T (here S * T ≈ 1 · 10 5 ) and its position can be located by finding:
If there exists a flame and mesh refinement is required, the numerical domain is split in three blocks: B l , B c and B r (see Fig. 2 ). The central moving block:
contains the flame and N c z grid-points are dedicated to this portion of the domain such that the grid spacing inside the block is constant and equal to:
where c f < 1 is the coarse factor of the grid. The extent of the central block (z l +z r ) has to be sufficiently large in order to contain the entire 2D flame and for most of the computations we have considered
The other N z −N c z grid points are redistributed between the remaining blocks:
proportionally to their extent along
The distance between two grid points (dz l ,dz r ) varies from a minimum value dz c , adjacent to the central block, to a maximum value at the cylinder ends (to be determined) following a power law.
The number of grid points along the radial direction N r is such that the grid spacing is constant and equal to:
Some examples of refined mesh are shown in Fig. 2 .
there is no flame in the domain, the cylinder is discretized with a regular grid and the grid points are equally distributed so that:
Once a proper mesh is defined, the spatial derivatives in the inner domain (2 < i < N z −1,2 < j < N r −2) are computed via finite difference method in a central nine-points stencil. Approaching the boundaries of the domain, if the computation of spatial derivatives is required, the stencil is changed from central to backward (or forward depending on the boundary approached)
while the number of grid-points in the stencil is unchanged.
Every time the mesh is updated, the position (z, r) of the generic grid point (i, j), as well as the distance between grid points of the same stencil, changes.
Therefore, finite difference weights have to be calculated every time a change in the grid occurs. An efficient algorithm for the calculation of the weights in finite difference formulas has been proposed by Fornberg [28, 29] .
For the time integration, we find convenient to use an explicit 4 th order Runge-Kutta method which is easy to implement and parallelize using OpenMP where, taking advantage of a multicore architecture, the evaluation of spatial derivatives, and the time marching, can be distributed over different threads which work simultaneously on different portions of the discrete domain (i, j). 
Algorithm performances
In this framework, numerical solution of (4) and (10) 
Calibration of 2D Model
In principle, both D and A * could be roughly estimated. The mass diffusivity of methane in air, for example, may be computed from the ChapmanEnskog relation [30] which gives a value of D
Nevertheless, we are trying to represent the diffusion of a multicomponent mixture by one constant diffusion coefficient only and with the assumption of Lewis number equal to one. Moreover, since mass diffusivity increases with temperature, a value of D higher than D Starting from these two references, the model has been calibrated with the following requirements:
• First of all, to have a good representation of the velocity U 0 at which the transition from stable to FREI regime occurs;
• second, to qualitatively match, above and near transition, the position at which the flame stabilizes;
• third, the excursion of the flame from ignition point to the extinction point should be comparable between numerical and experimental results.
On this basis, optimal parameters turned out to be A * = 1. 
Calibration of 1D Model
A 1-D model can be justified if a clear separation of scales is present [32] [33] [34] [35] . In particular, this assumption may seem justified when the ratio between the radial and the axial length tends to zero. As done for 2D simulations, we solve equations (10) The Nusselt number can be roughly estimated [38] considering that for a fully developed laminar (non-reactive) flow, with fixed wall temperature, the Nusselt is a constant: Nu = 3.66. Moreover, if the heat flux at the wall is constant, then Nu = 4.36. In their numerical study, Nakamura et al. [22] showed that a FREI regime can be qualitatively reproduced with an intermediate value of Nusselt (Nu = 4). In order to fix the optimal value of this 
Physical analysis in 2D
In the previous section we have shown that both, 1D and 2D constant density models with a global reaction mechanism, are capable to reproduce the main features of the complex dynamics involved in micro-combustors. Since the model used is simple, it permits to easily point out which mechanisms are responsible for the different dynamical features. In this section, we discuss in details the combustion dynamics of the 2D model for a micro-channel of rate, we identify four important instants t 1 ÷ t 4 (figure 6).
Stable flame regime
For t < t 1 a single and broad peak ofQ is moving downstream and fuel starts being slowly consumed. Around t 1 there is a rapid increasing of the burning rate and the temperature of the mixture rises up. We define t 1 as the time at which ignition occurs and a strong flame is generated. From a numerical point of view this event is identified when the mean reaction rate is greater than a given threshold, which in our computations has been chosen asQ = 10 5 K/s. After ignition, the speed of the flame is greater than U 0 , thus the peak of burning rate that was moving downstream reverses and By reducing the inflow velocity, a transitional regime appears. In Fig. 7 we show the dynamic response of the system to different values of U 0 . While for U 0 sufficiently high, the stabilization of the flame is a very fast process that takes place in some tenths of a second, for U 0 approaching the limit of reactive mixtures [6, 31] . Nevertheless, in the present set-up, the range of flow rate at which this phenomenon is numerically observed is very small, and therefore it seems hard to find experimental evidence of such a regime.
Flame with repetitive ignition/extinction
To describe the dynamics of the FREI regime, we consider U 0 = 25cm/s which is roughly in the middle of the velocity region where FREI has been observed experimentally. Apart from the first cycle, which is slightly influenced by initial conditions, at this flow rate the model exhibits a periodic dynamics. The time history ofQ peaks is shown in figure 8 . It is possible to identify four important steps t 1 − t 4 .
Before t 1 and after t 4 fuel is consumed at a very low rate. We can identify two small peaks of the mean burning rate moving downstream. The first peak is due to the consumption of the new fresh material coming from the tube entrance. The second, instead, is originated from the splitting of the flame of the previous cycle, and it moves downstream until it reaches the end of the computational domain.
From t 1 to t 2 ignition of the strong flame (Q > 10 5 K/s) and flame splitting occurs.
From the splitting of the flame, after t 2 , three distinct peaks ofQ are present.
The second and the third peak ofQ move downstream, and are the weak flames generated in the present and in the previous cycle respectively. On the contrary, the first peak is due to the strong flame that is moving upstream. During the propagation, at t 3 , for U 0 = 25cm/s the stronger flame reaches a maximum velocity of the order of 150cm/s which is in reasonable agreement with typical flame speeds observed for stoichiometric methane/air mixtures at atmospheric pressure. Nonetheless, to the best of our knowledge, experimental measurements of the flame speed for this kind of micro-channel set-up are not available in literature.
At t 4 the flame reaches a position at which the heat loss through walls is such that the reaction is not stable. The flame rapidly extinguishes (the magnitude ofQ decreases rapidly under the threshold) and the cycle restarts.
The frequency at which ignition-extinction phenomenon occurs, in the range
Weak flame regime
In the case of very low flow rate, U 0 < 10cm/s, the model shows again 
Sensitivity to the diameter
In the previous sections, the numerical models have been calibrated and compared against experimental results [23] . It has been found both qualitative and quantitative agreement within the whole range of experimental results.
In this section, we want to investigate to what extent the 2D and 1D models differ and in which way. This is important to evaluate the modeling capabilities and limits of each framework. In particular, we want to determine for a fixed and low U 0 the magnitude of the velocity gradient along r is smaller when R is increased, and diffusion plays an important role when U 0 is small. Therefore, a 1D approximation can be sufficient to correctly mimic the mechanism of this instability. 
Conclusions
We have numerically studied the dynamics of micro-combustion in tubes with diameter d very small compared to its characteristic length L. More specifically, we have investigated a set-up recently studied experimentally [23] .
In order to disentangle different mechanisms at play, we have used a 2D axially symmetric and a 1D thermo-diffusive model which can be derived, under suitable hypothesis, from a more detailed mathematical model.
Our main findings are:
• The important features of the combustion instabilities in microtubes can be well described with low-order models with only one-step chemical reaction. The complete chemistry does not appear to be crucial.
Indeed, we have shown that by considering a set of parameters which are physically sound, the numerical results are qualitatively and quantitatively in agreement with experiments within the whole range of flow-rates experimentally explored.
• At variance with recent computational analysis [22] , our results show that the mechanism of the FREI instability is essentially hydrodynamical, and not related to chemistry balance.
• In the weak-flame regime, present approximations are too crude. Diffusion, detailed chemistry together with coupling between chemistry and hydrodynamics are more important.
• We have finally shown that the dimensionality of the model can play an important role and that a 1D model should be used very carefully. It can give some qualitative informations about the range of stability at very low computational cost, but the validity of the results are limited.
More specifically, at lower flow-rate, the 1D model overestimates the FREI branch. Instead, at higher flow-rate, it is not capable to capture a second unstable branch found in 2D simulations.
The application of the present low-order model to a different experimental set-up is under investigation in order to assess present results and the model limitations. Finally, work in progress considers linear and non-linear stability analysis of the 2D and 1-D model to shed some light on the details of mechanism of the instability and to explain the richer dynamics observed at higher diameters.
